Introduction
Let X an excellent Noetherian regular scheme of dimension 2 which is projective over an affine Dedekind scheme Spec (A) and K the function field of X. Let l be a prime which is a unit on X (i.e. unequal to characteristic of the residue field of any point in X). The work of Saltman on the division algebras over surfaces ([S1] , [S3] ) imply that given an element α in the l-torsion of the Brauer group of K, there exist elements f, g, ∈ K * such that
) is unramified on a regular proper model of K(
(cf. [B] ). If K is the function field of a curve over a p-adic field and l a prime not equal to p, the unramified Brauer group on a regular proper model over Z p is zero. Hence, for α ∈ l Br(K), index of α divides l 2 . In this paper, we split the ramification of division algebras on surfaces in a more general setting without any assumption on the characteristic of the residue fields of points of the scheme. More precisely, we prove the following (cf. Theorem 2.9):
Theorem. Let X be an excellent regular integral scheme of dimension 2 and K its function field. Suppose that char(K) = 0 and for every codimension one point x of X, if the characteristic of the residue field κ(x) at x is p, then, [κ(x) : κ(x) p ] = p (i.e. p-dimension of κ(x) is 1). If α is an element in the p-torsion of the Brauer group of K, then there exists f, g, h ∈ K * such that α ⊗ K(
is unramified on a regular model Y of K proper over X.
The above theorem leads to the following results on splitting ramification of exponent p division algebras over function fields of curves over p-adic fields and number fields (cf. Corollaries 2.10 and 2.11).
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Brauer group of discretely valued fields
Let (K, ν) be a complete discrete valued field with ring of integers R, maximal ideal m and residue field κ. Suppose that char(K) = 0, char(κ) = p > 0 and that K contains a primitive p th root of unity ζ. Write N = ν(p)p/(p − 1).
N is a positive integer divisible by p. Finally, for i ≥ 0, let
The following assumption about the residue field will play a key role throughout this paper.
Given a, b ∈ K * , let (a, b) ∈ p Br(K) be the class of the cyclic K-algebra defined by the relations
Let br(K) 0 = p Br(K) and for i ≥ 1, let
be the subgroup generated by cyclic algebras (u, a) with u ∈ U i and a ∈ K * . Since K is complete, br(K) n = 0 for n > N ( [CT2] , 4.1.3 and [MS] ). In this section we recall a few basic facts about p Br(K) and br(K) n due to Kato and Saltman.
with 0 ≤ m ≤ N. Let π ∈ R be a parameter and f ∈ R * with f ∈ κ p .
for some u ∈ R * with u ∈ κ p .
(b) If m is coprime to p, then there exists x ∈ R * such that
(c) If 0 < m < N and m a multiple of p, then
for some x, x ′ ∈ R. Further (1 + xb p , f ) is unramified at ν.
Proof. Let K 2 (κ) be the Milnor K-group and
we know that Ω 2 κ = 0 and hence k 2 (κ) = 0. Define a map
where for any λ ∈ κ,λ ∈ R is a lift. By ( [K] , Thm. 2, cf.
[CT], 4.3.1), this map is an isomorphism. Hence every element in br(K) 0 \br(K) 1 is equivalent to (u, π) modulo br(K) 1 for some u ∈ R * with u ∈ κ p , establishing part (a). Let us prove part (b). Suppose 0 < m < N is coprime to p. Define a map
where x, y ∈ κ * are arbitrary elements with liftsx
By ( [K] , Thm. 2), this map is an isomorphism. Since f ∈ κ p , we have κ = κ p (f ). In particular, since the (absolute) differential vanishes on κ p , every element in Ω 1 κ has the form
for α i ∈ κ p . Thus every element of br(K) m /br(K) m+1 is the image of an element of the form (1 + xπ m , f ) for some x ∈ R * . Now we will prove part (c). Let 1 < m < N be divisible by p. Define a map
where for λ ∈ κ we have chosen a liftλ ∈ R. Using (1) above and the fact that d is κ p -linear, we see that every element of Ω 1 κ is closed. Thus, the first summand in ( [K] , map (iii) immediately preceding Thm. 2) is trivial. The map described above is just the composition with the remaining summand of ( [K] , map (iii) before Thm. 2) with the natural map u
(in the notation of [K] ). Hence every non-zero element in br(K) m /br(K) m+1 is the image of an element of the form (1 + π m x, π) for some x ∈ R * with x ∈ κ p . To prove part (d) (the case n = N), let b = ζ − 1. By ( [K] , Thm. 2) or ( [CT2] , Thm. 4.3.1(d)) and using (1) above, the element α can be written in the desired form
It remains to show that the first summand is unramified (i.e., split by an unramified extension of K). If x ∈ πR then the first summand lies in br N +1 (K) = 0 and is unramified. Thus, we may assume that x ∈ R * , so that ν(x) = 0. We will show that in this case the field
is unramified over K; since this splits the algebra (1 + xb p , f ), this will complete the proof.
Let
Letν be the valuation on L extending ν on K. Since 1 + xb p is not a pth power, the minimal polynomial of θ is
In particular, the norm of θ is −xb p , sõ
by our assumption that x ∈ R * . This means that d = wb for some unit w in the ring of integers in L. It is easy to see that
Proof. Let 0 ≤ n ≤ N. Then, by (1.1), every element in br (K) n is equivalent to (g n , f )(h n , π) modulo br(K) n+1 for some g n , h n ∈ R * . Since br(K) n = 0 for n > N, the corollary follows. ✷ Lemma 1.3. Let n < N be coprime to p and c ∈ R * . Then there exists v ∈ R * such that (1 + π n c, vπ) = 1.
Proof. Since n is coprime to p, there exists an integer m such that nm ≡ 1 modulo p. We have
By (1.1) there is an x ∈ R * such that
Since (1 − z p y, y) = 0, we have
On the other hand, we know
is unramified.
Proof. First we show by induction that for each 0 ≤ i < N, there exist
and u i ∈ κ p . Suppose that i + 1 is coprime to p.
Suppose that i + 1 is divisible by p and i + 1 < N. By (1.1), there exists c ∈ R * such that
and
with α ′ unramified and u ∈ 1 + πR. Thus
Proof. First we show by induction that for each 0 ≤ i < N − n, there exist
with u i ∈ κ p . Since n is coprime to p, by (1.1),
and u i ∈ κ p . We will break the proof into two cases, depending upon the divisibility properties of n + i + 1.
Case 1: n + i + 1 is coprime to p. Since u i ∈ κ p , by (1.1), there exists c ∈ R * such that
verifying the inductive hypothesis. Case 2: n + i + 1 is divisible by p and n + i + 1 < N. Since n is coprime to p, by (1.3) there is a v ∈ R * such that
In particular,
By (1.1), there exists c ∈ R * such that
Once again, by (1.3),
p , thereby verifying the inductive hypothesis.
In particular, for i = N − n, we have
Since n is coprime to p, by (1.3), we have
for some α ′ unramified and x ′ ∈ R. Hence
Then there exist u, v ∈ R * such that
Since n is divisible by p, by (1.1) there exists u 0 ∈ R * with u 0 ∈ κ p such that
and u i ∈ κ p . We again break into two cases. Case 1: n + i + 1 is divisible by p. By (1.1), there exists c ∈ R * such that
establishing the inductive hypothesis. Case 2: n + i + 1 is coprime to p. By (1.1), there are c, f ∈ R * with f ∈ κ p such that
In particular
Proceding as in the proof of (1.5), we conclude that there are u, v ∈ R * such that
Proof. If α ∈ br(K) n for 0 ≤ n < N α ∈ br(K) N , then applying (1.5, 1.6, 1.7) we see that there is a uniformizer π and an element a ∈ K such that
is unramified. If α ∈ br(K) N then by (1.1) we have (in fact) that there is an element x ∈ R such that
is unramified for any choice of uniformizer π. In any case, this implies that for the appropriate choice of π, the base change
is unramified, as desired. ✷.
The Brauer group of the function field of a surface
Let R be an integral domain with field of fractions K. Let C be a central simple algebra over K.
Definitions.
• The algebra C is unramified on R if there is an Azumaya algebra C over R such that C ⊗ R K is Brauer equivalent to C.
• An element in Br(K) is unramified on R if it is represented by central simple algebra over K which is unramified on R.
• If an element in Br(K) is not unramified on R, then we say that it is ramified on R.
• Let P be a prime ideal of R. If an element in Br(K) is unramified (resp. ramified) on R P , then we say that α is unramified (resp. ramified) at P .
Let X be a regular integral scheme and K its function field. Let X i be the set of points of X of codimension i. For x ∈ X i , let O X,x be the local ring at x, m x be the maximal ideal at x and κ(x) be the residue field at x. For x ∈ X 1 , if a central simple algebra C over K is unramified (resp. ramified) at O X,x , then we say that C is unramified (resp. ramified) at x. Let K x denote the field of fractions of the completion of O X,x at m x . If m x is generated by π, we also denote K x by K π . For x ∈ X 1 , let ν x be the valuation on K given by x. Suppose that char(K) = 0 and char(κ(x)) = p > 0. Let
If m x is generated by π, we also denote N x by N π .
We will make (implicit) essential use of the following results throughout the rest of this paper. The following results are true in much more generality for torsors (cf. [CTS] , 6.13, [APS] , 4.3).
Lemma 2.1 Suppose X is a Noetherian two dimensional regular integral scheme with function field K. Given α ∈ Br(K), the following are equivalent.
1. For every discrete valuation of K with center on X and valuation ring R, α is unramified on R.
2. For every discrete valuation of K with center of codimension 1 on X and valuation ring R, α is unramified on R.
3. For any central simple algebra C over K representing α, there is a sheaf of Azumaya algebras A on X and an isomorphism
Proof. Fix a central simple algebra C over K representing α and let A be a maximal order in C. By [Prop. 1.2, AG] any localization of A at a point of X is a maximal order in C over O X,x . Since X is regular and 2-dimensional and A is reflexive as an R-module [Thm. 1.5, AG], A is a finite locally free R-algebra. Consider the map
of locally free sheaves of O X -modules of rank n 2 associated to the map of presheaves that sends an elementary tensor a ⊗ b in A(U) ⊗ O(U ) A(U) to the O X (U)-linear map sending x to axb. The maximal order A is Azumaya if and only if µ is an isomorphism. We therefore assume that X = Spec(B) with B a regular local ring of dimension 2. In this case A ⊗ B A
• and End B (A) are free B-modules of same rank, since µ ⊗ B K is an isomorphism. For a choice of a basis of these modules over B, µ is an isomorphism if and only if the determinant of µ is a unit in B. By Krull's theorem, the determinant is a unit in B if and only if each it is a unit at every codimension one point. This shows that the second two conditions are equivalent.
On the other hand, the first condition certainly implies the second, and hence the third. It remains to show that the third condition implies the first. Suppose A is an Azumaya algebra on X restricting to C. If R is a valuation ring with center on X then there is a commutative diagram
s s s s s s s s s
Spec R / / X in which the two diagonal arrows are the canonical ones. Pulling A back yields an Azumaya algebra on R restricting to C on K, showing that C is unramified on R, as desired. ✷ Corollary 2.2 Suppose that R is a two dimensional regular Noetherian integral domain with field of fractions K. Then a central simple algebra C over K is unramified on R if and only if it is unramified on R P for every height one prime ideal P of R.
Corollary 2.3 Suppose that X is a Noetherian two dimensional regular scheme with fraction field K. Then an element α ∈ Br(K) is unramified if and only if it is in the image of the injective restriction map
Lemma 2.4 Let R be a discrete valuation ring with field of fractions K.
LetR be the completion of R at the discrete valuation andK the field of fractions ofR. Then a central simple algebra C over K is unramified at R if and only if C ⊗ KK is unramified atR.
Proof. Let A be an Azumaya algebra overR such that there is an isomorphism φ :
Lemma 2.5 Let R be a discrete valuation ring with field of fractions K and residue field F . Suppose that char(F ) = p and α ∈ p Br (K) . If π is a parameter of R, α
Proof. See ( [S2] , 0.4). ✷ Proposition 2.6. Let A be a regular local ring of dimension two with maximal ideal m = (π, δ). Let K be the field of fractions of A and k the residue field of A. Suppose that char(K) = 0, char(k) = p > 0 and
Let R be the valuation ring at ν. The completion of A at m is contained in the completion of R at its maximal ideal. By (2.4), to show that α is unramified at R, we replace A by its completion at m and assume that A is complete.
. Then B is a complete regular local ring with field of fractions L and B is the integral closure of A in L. Hence B ⊂ R. Thus, to show that α is unramified at ν, it is enough to show that α is unramified on B. Since B is a regular ring of dimension 2, by (2.2), it is enough to show that α is unramified at every height one prime ideal of B.
Let Q be a height one prime ideal of B. Since B is integral over A, Q ∩ A = P is a height one prime ideal of A. Suppose P = (π) and P = (δ). Then α is unramified at P and hence α is unramified at Q.
. Suppose that char(κ(P )) = p. Since π is a parameter at P , by (2.5), α is unramified over
and hence unramified at Q. Suppose that char(κ(P )) = p. Since A is a complete regular local ring of dimension 2 with maximal ideal m = (π, δ),
p ] = p and δ is not a p th power in κ(P ). Thus, by (1.2), α is split over
In particular, α is unramified at Q. The case P = (δ) is similar. ✷ Proposition 2.7. Let A be a regular local ring of dimension two with maximal ideal m and π ∈ m \ m 2 . Let K be the field of fractions of A and k the residue field of A. Suppose that char(K) = 0 and char(k) = p > 0. Let α ∈ p Br(K). Suppose α is ramified on A at most at (π). Further assume that α is unramified over
. Then B is a regular local ring with field of fractions
dominating A also dominates B. Thus, B being regular, it is enough to show that α is unramified on B. Let Q be a height one prime ideal of B. Since B is integral over A, Q ∩ A = P is a height one prime ideal. Suppose P = (π). Since α is unramified at P , α is unramified at Q. Suppose P = (π). Then by the assumption, α is unramified over L Q = K π ( √ π) and hence unramified at Q by (2.4). ✷ Lemma 2.8. Let A be a one-dimensional Noetherian local domain with field of fractions K and residue field k. Suppose that char(K) = p > 0 and
Proof. Let B be the integral closure of A in K and m a maximal ideal of B. Then B/m is a finite extension of k and hence [(B/m) :
. Thus, by replacing A by B m , we assume that A is a discrete valuation ring. Let π ∈ A be a generator of the maximal ideal of A. Let u 1 , · · · , u r ∈ A * be such that the images of u 1 , · · · , u r in k are p-independent. Then, it is easy to see that π, u 1 , · · · , u r are p-independent in K. ✷ Theorem 2.9. Let X an excellent regular integral scheme of dimension 2 and K the function field of X. Let p be a prime number. Suppose that char(K) = 0 and K contains a primitive p th root of unity. Suppose that for every codimension one point x of X with char(κ(
Proof. Let P be a closed point of X. Suppose that char(κ(P )) = p. Let π ∈ O X,P be a prime dividing p. Then A = O X,P /(π) is a one-dimensional Noetherian local domain. Let κ(π) be the field of fractions of A. Then κ(π) is the residue field of a codimension one point of X and char(κ(π)) = p. Thus, by the assumption, [κ(π) : κ(π) p ] = p. Hence, by (2.8), [κ(P ) : κ(P ) p ] = 1. Let X ′ be a blow-up of X at finitely many closed points. Let x ′ ∈ X ′ be a point of codimension 1. If x ′ is an exceptional curve, then κ(x ′ ) = κ(P )(t) for some closed point P of X and t a variable. In particular, [κ(
′ also satisfies the hypothesis of the theorem. By blowing up X at finitely many closed points ( [Li] ), we assume that ram(α) and Supp(p) are contained in C+E, where C and E are regular curves with C intersecting E transversally. Let D be an irreducible component in
p ] = p and hence by (1.8) there exists a parameter
for some F not containing any component of C and E. In particular, α is unramified over
Let P be the finite set of closed points containing C ∩ E, C ∩ F and E ∩ F and at least one point from each component of C, E, F . Let A be the semi-local regular two dimensional ring at the points in P. Let π, δ ∈ A be such that the divisor of π on A is C and the divisor of δ on A is E. For P ∈ P, let m P denote the maximal ideal of A at P . If P ∈ C ∩ F , P ∈ E, let δ P ∈ m P be such that δ P ∈ m Q for all Q ∈ P, Q = P and δ P ∈ (π) + m
Let P ∈ P. By the choice of g and h, we have m P = (g, h). If P ∈ C, then g defines C at P and if P ∈ E, then h defines E at P . We claim that α is unramified over
. Let ν be a discrete valuation of L. Let R be the discrete valuation ring of L at ν. Then there is a point x of X such that R dominates the local ring
If x is not on C ∪ E, then α is unramified on A x and hence unramified at ν. Suppose that x ∈ C ∪ E.
Suppose that x is a codimension one point. Then x corresponds to an irreducible component of C or E. By the choice of f , α is unramified over
In particular α is unramified at ν. Suppose that x is a closed point. Suppose that x ∈ P. Since x ∈ C ∪ E, C, E are regular curves on X, f ∈ m x \ m 2 x and α is ramified on O X,x only along (f ). By the choice of f and by (2.7), α is unramified at ν restricted to
Assume that x ∈ P. Then, by the choice of g and h, the maximal ideal m x of O X,x is generated by g and h. Further α is unramified on A except at (g) and (h). Since ν is centered on O X,x , its restriction to
Corollary 2.10. Let k be a p-adic field and K a function field of a curve over k. Then for every central simple algebra
Proof. It is enough to show that if M contains a point with residue field a finite extension L/k then M contains a 0-cycle of degree equal to [L : k] . Since M is smooth, it is easy to see (by choosing generic parameters in the local ring at Q and taking a Zariski closure) that there is a smooth projective curve D over k with an L-rational point R ∈ D and a finite morphism f :
Since any point of U is ample, it is easy to see that there is a divisor
Fix a prime number ℓ and a µ ℓ -gerbe X → X. Write C → C for the restriction of X to C. Let M := M C (ℓ) denote the stack of stable C -twisted sheaves of rank ℓ and trivial determinant (as described in [L1] ). We know the following facts about this stack.
1. M is a µ ℓ -gerbe over a smooth quasi-projective variety M admitting a locally factorial compactification M ⊂ M ss such that
2. the Brauer group Br(M ⊗ k) is generated by the class associated to M ⊗ k, this class has period and index ℓ, and the sequence
is exact. Note that since M is a µ ℓ -gerbe over M, its Brauer class has period ℓ and thus the universal obstruction provides a canonical splitting of the above exact sequence.
Proposition 3.2 If k is totally imaginary then the Brauer-Manin set M(A)
Br is non-empty.
Proof. We first claim that for every place v of k, the category M (k v ) is non-empty. First, suppose v is finite. Consider the base change X ⊗ S O kv → X ⊗ S O kv . This is a µ ℓ -gerbe on a proper curve over a complete discrete valuation ring with finite residue field. Since the Brauer group of such a scheme is trivial, we have an invertible
Since stable vector bundles of rank ℓ and determinant L exist on any curve over an infinite field, the former has an object over k v , whence the latter does as well. When v is infinite, the completion is algebraically closed (as k is assumed to be totally imaginary), so we can use Tsen's theorem to trivialize the Brauer class and similarly reduce to the existence of stable vector bundles on curves over algebraically closed fields. Write (x v ) for the system of objects of M (k v ). Projecting to M gives a point (x v ) ∈ M(A) with the property that the pairing (x v ) · [M → M] is 0 in Q/Z. As noted above, the Leray spectral sequence shows that Br(M)/Br(k) is generated by the class of M → M. We conclude that the point (x v ) lies in M (A) Br , as desired. ✷ Theorem 3.3 Assuming the CT-conjecture (see page 2), if k is totally imaginary any class α ∈ Br(X) satisfies ind(α)| per(α) 2 .
Proof. By standard inductive arguments, we may assume that α has prime index ℓ. We retain the notation from above. Let M ⊂ M be any smooth compactification of M; this is possible by Hironaka's theorem, since k has characteristic 0. By functoriality we have that M (A) Br ⊂ M (A) Br , hence by Propostion 3.2 M (A) Br = ∅. The CT-conjecture applies to show that M has a 0-cycle of degree 1. Applying Lemma 3.1, we have a 0-cycle of degree 1 in M. Put another way, there are two finiteétale k-algebras A 1 and A 2 such that [A 1 : k] is relatively prime to [A 2 : k] and such that M(A 1 ) = ∅ and M(A 2 ) = ∅.
Given a finiteétale closed subscheme Z ∈ M, the Brauer class of M × M Z lies in Br(Z) [ℓ] and thus has index dividing ℓ (as the residue fields of the Artinian scheme Z are global fields). It follows that there is a finite flat Z-scheme Y → Z of degree ℓ such that M (Y ) = ∅. Applying this to A 1 and A 2 above, we find that for i = 1, 2 there is a finite flat A i -algebra B i of degree ℓ and a locally free C B i -twisted sheaf of rank ℓ. Putting these together and arguing as in Section 4.1.1 of [L3] , we see that the index of α divides Proof. By (4.3), there exists N 2 such that every element in H 2 (K, µ 2 ) is a sum of at most N 2 symbols. By (4.4), every element in H 3 (K, µ 2 ) is a sum of at most N 2 symbols. Since k is a totally imaginary number field, H 4 (K, µ 2 ) = 0. Hence u(K) is finite (cf. [PS] ). ✷
